CORRELATION FUNCTIONS OF STRICT PARTITIONS AND 

TWISTED FOCK SPACES 



WEIQIANG WANG 

Abstract. Using twisted Fock spaces, we formulate and study two twisted 
versions of the n-point correlation functions of Bloch-Okounkov |BO| . and then 
identify them with g-expectation values of certain functions on the set of (odd) 
strict partitions. We find closed formulas for the 1-point functions in both cases 
in terms of Jacobi 0-functions. These correlation functions afford several distinct 
interpretations. 



Introduction 

Bloch-Okounkov |BOj studied certain correlation functions on the infinite wedge 
representation (i.e. the Fock space of a pair of free fermions), which is closely 
related to the correlation functions of vertex operators jZhuj . Recently it has grad- 
ually become clear that this correlation function (and its variant) affords several 
distinct interpretations: 

(1) It can be regarded as a certain character of representations of the Wi+oo 
algebra of level one. 

(2) It can be regarded as the g-expectation value of a certain function on the 
set of partitions. 

(3) It can be interpreted as a generating function of the stationary Gromov- 
Witten invariants of an elliptic curve. 

(4) A variant of this correlation function can be interpreted as a generating 
function of equivariant intersection numbers on Hilbert schemes of points 
on the affine plane. 

(5) It can be interpreted as a generating function of certain structure constants 
of the class algebras of the symmetric groups. 

The items (1) and (2) were points of view taken in |BUj (also see |Okj ). More 
on representation theory of Wi+oo (which is a central extension of the Lie algebra 
of differential operators on the circle) of positive integral levels using Fock spaces 
can be found in |FKRWt lAFMOj . Item (3) is due to the recent remarkable work 
of Okounkov-Pandharipande |UPj . Item (4) is due to Li, Qin, and the author 
|LQW| , and (5) is essentially equivalent to (4) based on the results of Vasserot, 
Lascoux-Thibon and ours (cf. |LgW| ; also see jLTllWal). We refer to pTTl IW^ 
for a closely related study of the class algebras of the symmetric groups and more 
generally of wreath products and their connections to the Wi+oo algebra. 
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The purpose of this paper is to present (two) twisted versions of the above 
correlation functions. This is also partly motivated by the representation theory of 
distinguished Lie subalgebras of Wi+oo jKWYj via the twisted fermionic Fock 
spaces of Neveu-Schwarz type and of Ramond type, which are intimately related 
to Lie subalgebras of gl^ |DJKMj . One can interpret our correlation functions 
in a way analogous to (1), (2), and (5) above, although the connections with the 
counterpart of (5) will not be presented in this paper. We believe that there will 
be a geometric interpretation of our correlation functions. 

The first construction uses the twisted Fock space JF of a fermion with integer 
indices (i.e. the Ramond sector). The ra-point correlation functions of certain 
distinguished operators (quadratic in fermion generators) in JF are further identified 
as the g-expectation value of certain functions on the set of strict partitions. The 
second construction uses the twisted Fock space F of a fermion with half-odd- 
integer indices (i.e. the Neveu-Schwarz sector). The n-point correlation functions 
of certain operators in F are then interpreted as the g-expectation value of functions 
on the set of odd strict partitions. Using combinatorial methods including an 
identity of Euler on partitions, we derive clean closed formulas of the the 1-point 
functions in terms of Jacobi 6'-functions in both cases. From the combinatorial 
viewpoint, the representation theory serves as a motivation to suggest "right" 
combinatorial questions (which are justified by nice answers). Our results should 
have implications on random partition theory (compare [Qkj). 

In both cases, we obtain the g-difference equations for the n-point correlation 
functions and our formulation also indicates clearly the nature of poles of the n- 
point correlation functions. These results have their counterparts in |BOj and our 
method is analogous to 02 • Indeed, such properties play a key role in |BOj to 
establish closed formulas for their n-point correlation functions. We expect these 
properties will also play an important role in eventually finding closed formulas for 
the n-point functions studied in the paper. Our correlation function also admits a 
natural su]9er counterpart (cf. Remark l3.3|) . 

The paper is organized as follows. In Sect. [H we study a distinguished operator 
on and formulate the correlation functions. In Sect. we use a combinato- 
rial method to derive the 1-point function. In Sect. El we establish a g-difference 
equation for the n-point functions. Sect. |3]is a counterpart of Sect. ^ where the 
setup is switched to the Fock space F. In Sect. we formulate and establish the 
counterparts in F of Sections |21 and El We end in Sect. (HI with discussions. 

Notations. We denote by Z the set of integers, the set of non-negative integers, 
and I + Z the set of half-odd-integers. 

Acknowledgment. After we finished this work, a very interesting paper of Milas 
|Mij appeared in jar Xiv:math.Q A/03031541 whose results and approach are inde- 
pendent of and complementary to ours. He systematically used vertex operator 
techniques to study closely related correlation functions and established precise 
relations between (BOj and |Zhuj . while the methods in this paper are mainly 
combinatorial and Lie theoretic. 
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1. Correlation functions on the Fock space of Ramond type 
Introduce a fermionic field of Ramond type 

witli tlie following commutation relations: 

[0m, 0n]+ = 5m -n, m,n ^Z. 

Note that 0o = 1/2, and (po anticommutes with all 0„, n 7^ 0. 

Denote by JF the Fock space of (j){z) with the highest weight vector |0) annihilated 
by 4>n, n > 0. Recall a partition A = (Ai, A2, . . . A^) is strict if Ai > A2 > . . . > 
Xi > 0. The number / is often referred to as the length of A and denoted by ^(A). 
Introduce the notations 

4>x4>0 = 4>-Xi4>-X2 ■ ■ ■ 4>-Xe4>o\^)- 

Then J-' has a linear basis given by (px and (f)x4'o, where A runs over the set SP of 
all strict partitions (including the empty partition). The following graded operator 
Lo (which can be identified with the zero-mode of a Virasoro algebra) defines a 
natural Z+-grading on JF: 

Lo(j)x = |A| • 0A, Lo(j)x4>o = |A| ■ 0A0O 

for all A e SP. A subalgebra 600 of gl^ acts on as follows |D.TKMj (also cf. 
|KW Yj ). The algebra boo is spanned by Eij — E_j^^i, where i,j G Z, and a central 
element C, and the action is given by 

- E-j-i = '■ '■ (1-1) 

and C acts as the identity operator /. Recall that the normal ordered product 
: (f)-i(f)j : equals (p-iCpj unless i = j < 0; if i = j < 0, it equals (f)-i4>j — 1. 
It is convenient to introduce the generating field 

B{z,w) = 5^(^ij - E_j^^i)z'W. 

i,j&Z 

Then the representation of 600 on JF can be concisely formulated by 

B{z,w) =: (j){z)(j){w) : . 

The Fock space JF decomposes into a direct sum of two irreducible representa- 
tions of 600: 

^ = ^0 0-^1. 

Here J-'q (resp. jFi) are spanned by (px with £(A) even (resp. odd) and (f>x(po with 
£(A) odd (resp. even), where A e SP. 

Introduce the following operator in 600 (where t is some variable): 
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Note that 2{0i) '^^^ rewritten in a more symmetric form as 2{t^J^-t-^^^) ' 
The operator So(^) can be formally understood as 



which is the zero-mode of <p{tz)(p{z) without normal ordering. Note that for \t\ > 1, 
we have 



Bo(t) = :Bo(0: + (l/2 + ^tMl 

\ fc<o / 



= : Boit) : + \ I 

where 

k>0 

We introduce the n-point correlation functions 

R{ti,...,tn) = Tr\:p,q''°Boiti)---Boitn). 
Similarly we define 

: R:iti,...,tn) = Tr : So(ti) : ■■■ : i3o(tn) : . 

It is clear that a multiple of 2 shows up if we have used Tr \jr instead of Tr Ijr^ 
above. 

Apparently, there is a simple identity to express R{ti, . . . ,tn) in terms of : i? : 
{ti, . . . ,tn), and vice versa. Further, for A e SP, 

fc>i 

: Bo{t) : (Mo) = ^(i^'=-r^'=)-0A0o- (1-3) 

k>l 

2. The correlation function via strict partitions 
Denote by <SP„ the set of strict partitions of n, and thus SP — U^^qSPji- Denote 

by 

oo 

(a; q)r = (1 - a)(l - ag) ■ ■ ■ (1 - ag'"^^), (a; q)^ = JJ(1 - aq'). 

i=0 

It is well known that 

Ag5P 

Given a function / on the set SP, we denote by 

xeSP 
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Since = 1, we may think of {f)^^ as the g-expectation value of /. We regard 

t^'' {k > 1) as a function on SP (which by our convention takes value 1 on A with 

e{\) < k). 

Lemma 2.1. We have 

oo 

^ t^igl^l = 1 + ^(1 + + q^)...{l + 

\eSP n=l 

Proof. Follows from the fact that the n-th term on the right-hand side of the 
identity equals the sum of t'^^q^'^^ for Ai = n. □ 

The following lemma is a key step in our approach. 

Lemma 2.2. For k > 1, we have 

.Mk+i)/2 

Proof. By writing A = (ai, . . . , a^, /i) with /i = (/ii, /i2, . . .) G SP and ai > . . . > 

ttfc > yUi, we obtain that 

t^k+iqW = ^ ^ ^^^lqCLl+...+ak+\^l\_ 
Note also that (for a fixed yUi) 

ai>...>afc>/ii ai>...>afc>0 

Thus the proof of the Lemma reduces to the following identity 

k{k+l)/2 



■+afc 



(l-g)(l-g2)...(l _gfc)• 
This identity can be proved by a direct computation (as done in an earlier version), 
or as the referee suggests, it is equivalent to the simple fact that a strict partition 
of length k can be obtained from a partition of length < by adding row by row 
{k,k-l,--- ,1). □ 



Theorem 2.3. We have 

SP 



) "^"^^1 + 0"' 



iA;>l 



q 



Proof. We recall a well-known identity of Euler (cf. e.g. Corollary 2.2, jAnj ) : 
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Here and below it is understood that the term for k = equals 1. We shall use an 
equivalent form of the Euler identity by setting z above to be qz: 

k{k+l)/2^k 



By Lemmas 12. II and 12.21 we have 

AG5P \fc>0 / 



AG5P 

°o „A;(fc+l)/2 
k(k+l)/2 



oo oo fc(fc+l)/2 
°o ^A:(fc+l)/2 



E (l-a)fl 



fc=0 



oo 



Applying ()2.H) to the r.h.s. of ()2.2|) with z = 1 and z = q^, we have 

E (E'^'")?"' 

Ae5P \fc>o / 

oo oo oo 

= + ^'""'') + E(l + + (1 + ■ 11(1 + g"+^'+i) 

r=0 n=l r=0 

= (-?;g)oo + (-g; 5)007] 

^ 1 + 

n=l 

This finishes the proof. □ 
Remark 2.4. The same type of argument can be used to establish 



Ae<SP \fe>o 



When z = 1, it specializes to Theorem 12. HI Another distinguished specialization is 
setting z = —1. 

Our argument can also be adapted to give an alternative argument for Theo- 
rem 6.5 of which is the counterpart of our Theorem 12 . 31 ab ove . The argument 
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therein does not seem to apply directly to our case, as the conjugation symmetry 
of partitions used there is not available for strict partitions. 

By fll.Hj) . we have 

:R:ih,...,tr.) = i-q;qU(flJ2it-t7''=)) ■ (2-4) 



ii=l k>l 



Therefore, 



R{ti, . . . ,ti, . . . ,tn) — —R(ti, . . . ,1--^, . . .tn) 

: R : {ti, . . . ,ti, . . . ,tn) = — : R : {ti, . . . , ^ , . . . tn) ■ 
Recall the Jacobi 6'-functions: 



Define 



(2.5) 



The second equality above can be easily derived by using twice the celebrated 
Jacobi triple product identity. 

Theorem 2.5. For \q\ < 1, |g| < \t\ < \q\~^, 

(1) the 1-point correlation function : R : (t) is given by 

■.R--it) = (-g; qU E 1 , ,n 

n=l ^ 



(2) the one-point function R{t) is given by 

m = (-g;g)oo-t^lnB(g,t). 
Proof. Part (1) follows from ()2.4|1 . Theorem 12. H| and the following simple identity: 



1 + 0" ^ 1 - 



=1 r=0 

By definition of R{t), we have 

=: R:it) + ^^^1/2 _ ^-1/2) ■ (-9! 
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Now part (2) is a consequence of part (1) and the following simple identities 
(and their counterparts with t replaced by 

dt ^ ^ 2(tV2_t-i/2) 
4ln((g^t;g^).(gt;g^)-) = f ^^11^. 

r=0 ^ 

This finishes the proof. □ 
It is straightforward to check that 

B{q,qt) = -M{q,t)-^ (2.6) 
and thus by Theorem 12.51 that 

R{qt) = -R{t). 

Remark 2.6. The modular transformation properties of ]B(g, t) (by letting q = e^'^*'^ 
and t = e^'^*^) and thus of R{t) (which actually depends on q as well) can be derived 
from the well-known modular properties of the ^-functions and (— g; q)oo- 

3. Difference equations for the correlation functions 

In this section we derive a g-difference equation satisfied by the correlation func- 
tion R{ti, . . . ,tn). 

Theorem 3.1. The function R{ti, . . . ,tn) satisfies the following q-difference equa- 
tion: 

R{(lti,t2, ■ ■ ■ ,tn) 
n-l 

s=0 l<ii<---<is<n ei^=±l 

where #e denotes the number of —I's among Si-^, . . . ,ei^, and ti means that the 
very term is removed. 

Proof By (frT|l and (ITT^ . we have 

[Bo{t), (j)k] = -(t' - t-')(l)k, keZ. (3.1) 

Therefore, 

Bo{t2)---Bo{tn)<Pk= Yl i-^f^Il^i^-i^')■<PkllBo{t^). (3.2) 

Sc{2,...,n} ie5 i^S 

This further implies that 

Tr g^V-fcSo(t2)---i3o(t„)(/)fc 
= E (-l)'"n(^'-V')-Trkg^V-.0.n^o(^^)- (3.3) 

Sc{2,...,n} ieS i^S 



CORRELATION FUNCTIONS AND TWISTED FOCK SPACES 9 

On the other hand, by using (pkQ^^ = (l^(l^°<Pk and the cychc property of a trace, 
we have 

Tr \r, q'-y-kBoih) ■ ■ ■ Bo{tn)<l)k = Tr (Puq^^y^kB^ih) ■ ■ ■ i3o(t„) 

= g'^Tr g^«0fe0-fcSo(t2) ■ ■ ■ i3o(t„). (3.4) 

Define 

%{t) = Y,t^M-k- 

k& 

By muhiplying both sides of ()3.3p with t\ and then summing over fc, we obtain 
with the help of (jS3|) that 

Tr q'^'%{qti)Bo{t2)---B^{tn) 

n-l 

s=0 l<ji< --<is<n ei„=±l 

Noting that 

+1/2 I +-1/2 

B,{t) = : : |t|>l, (3.5) 

^ fl/2 I 1-1/2 

Bo{t) = ^o(t) : -^^^17^3^1, |t|<l, 

we have 

Tr q'''Bo{qti)Bo{t2)---Bo{tn) = -R{qti,t2, . . . ,tn). 
This finishes the proof. □ 

Remark 3.2. Our formulation indicates clearly the nature of poles when regarding 
R{ti, . . . ,tn) as a meromorphic function. For example, ()3.5|) implies that 

R{ti, t2,..., tn) = ll ^ \ . R{t2, ...,tn)+ regular terms on {ti = 1). 
Z[ti — ij 

As in |B0| lOkj . the singularities of R(ti, . . . ,tn) and the g-difference functions 
determine R(ti, . . . ,tn)- Indeed this is the key strategy used in loc. cit to establish 
a compact closed formula for their n-point correlation functions. It is expected 
the singularities of R(ti, . . . ,tn) and the g-difference equation can be very useful 
eventually in finding a closed formula for R{ti, . . . ,t„). Similar remarks apply to 
the function S{ti, . . . ,tn) studied below. 

Remark 3.3. In light of ()2.3|1 . we can introduce a generalization of the n-point 
function R{ti, . . . ,tn) by considering 

i?(ti, ...,tn,z) = TT g^«z"«i3o(ti) ■ ■ ■ Boitn), 

where «o == J2k>o 4'-k4>k- The specialization to 2; = —1, denoted by R~{ti, . . . , t„), 
might be regarded as a super n-point function, which is no less natural to be 
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considered than the original n-point functions. It can be shown in a way similar 
to Theorem 13. II to satisfy a g-difference equation: 

R~{qti, ^2, • • • , tn) = —R^{t2, . . .,tn) + 
n-l 

s=0 l<ii<---<is<n £i^=±l 

Noting 

[ao,(f)±k] = =F0±fe, k > 0, 
we see by fl2.3p that (for n = 1) 



XGSP \k>l 

oo 



'2(tl/2 _t-l/2) 



= (-g^; g)oo (^^ (^YTT^ - TT^ J + 2(tV2 - t-V2) j • (3.6) 

In particular, by using (j3.6|) we can show as in the proof of Theorem 12.51 that 

Similar remarks apply to the function S{ti, . . . ,tn) studied below. 

4. Correlation functions on the twisted Fock space of 

Neveu-Schwarz type 

Introduce a fermionic field of Neveu-Schwarz type 

with the following commutation relations: 

Denote by F the Fock space oiip{z) with the highest weight vector |0) annihilated 
by ipn, n > 0. A partition A = (Ai, A2, . . . A^) is called odd strict if Ai > A2 > . . . > 
A^ > and all A, are odd integers. Introduce the notations 

= ^~Ai/2<^-A2/2---<^-Af/2|0). 

Then F has a linear basis given by ipx, where A runs over the set OSP of all odd 
strict partitions (including the empty partition). The following grading operator 
Lq defines a natural |Z+-grading on F: 



Lo(</^a) = (|A|/2)-¥Pa, XeOSP. 
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A subalgebra doo of gl^ acts on F as follows |DJKMj (also cf. |KWYj ) . The 
algebra d^o is spanned by Eij — where i,j G Z, and a central element C, 

and the action is given concisely in terms of the generating field 

and C = I. The Fock space F decomposes into a direct sum of two irreducible 
representations of doo'. 

F = Fo0Fi. 

Here Fq (resp. Fi) are spanned by ipx with £(A) even (resp. odd). 
Introduce the following operator T'o(^) in doo- 

The operator Po(^) can be formally understood as 

which is the zero-mode of ip{tz)(f{z) (without normal ordering). Indeed, for |t| > 1, 
we have 

Vo{t) =: Vo{t) : + J2 t'^ I = : m) : 

where 



We introduce the n-point correlation functions 

S{ti,...,tn) = Tr If g^«Po(ti)-- -2^0(^0 

and similarly define 

: S : {ti,...,tn) = Tr If g^o : Po(ti) : ■ ■ • : ^^o(tn) : • 

By definition, there is a simple identity of relating ^(ti, . . . , t„) to : 5* : (ti, . . . , 
It is clear for A G OSP that 



Vo{t):i^,) = J2ii'''^"-i'''^")-^^- 

k>l 



(4.1) 
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5. The correlation function via odd strict partitions 

In this section, we develop the counterpart of Sections El and IHl We omit the 
proofs which are similar to the earlier cases. 
Note that 

xeosp 

Given a function / on the set OSP of odd strict partitions, we denote by 

\eosp 

Since (I)^^^ = 1, we may think of (f)^^^ the g-expectation value of /. We regard 
t^* {k > 1) as a function on OSP which in particular takes value 1 on A with 
i{X) < k. 

Lemma 5.1. We have 

oo 

J2 t^i/2g|A|/2 = 1 + + + g'/') ■ ■ ■ (1 + g«-V2)^n-l/2^n-l/2_ 

XeOSP n=l 

Proof. Follows from the fact that the n-th term on the right-hand side of the 
identity equals the sum of t-^'i/^gl-'*!/^ for Ai = 2?7, — 1. □ 

Lemma 5.2. For k > 1, we have 

XeOSP ^ ^ ' ^ ^ ' XeOSP 

Proof. Follows from the same type of argument as in the proof of Lemma f2.2[ □ 

Theorem 5.3. We have 

OSP 



n-l/2^n-l/2^ ' 



J2 (5^tW2U,|A|/2,^(A) ^ (-gV2,)^h+^^ 



XeOSP \k>i 



^ l + g"-i/2;2 



Proof. Follows from the same type of argument as in the proof of Theorem 12 .31 □ 
By fl4.ip . we have 



: S : (ti, . . . , t„) = Q)oo ( n - ^> 

\i=l k>l 

Recall M{q,t) was defined in ()2.5|1 . 
Theorem 5.4. For \q\ < 1, |g| < |t| < 



OSP 

'Xk ^ 
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(1) the 1-point correlation function : S : {t) is given by 

n-l/2(fn-l/2 _ f-n+l/2\ 



n=l 

oo 



1/2. ^ ^ I i-ini'^'t)'^ i-mq^^H-^^ 

y ) yjoo ■ / ^ 



1 - q^'+H 1 - g^+it-i 



r=0 

(2) the 1-point correlation function S{t) is given by 

1/2. „^ J A„ B(gl/^^^/2) 



S(t) = (-gV2;g)^.t- In 



dt\ B(gi/2^ _ti/2)y • 
Proof. Part (1) follows from Theorem 15.31 and the following simple identity: 



^n-l/2p-l/2 - (_l)r(^r+l^)i 



l + „n-l/2 - 
n=l ^ r=0 ^ 

By definition of S{t), we have 



Sit) =:S:it) + -^-i-q'/';q)^. 

We can rewrite by the definition (j2.5|) of B that 
\nM{q'/\t'/^)-\nM{q'/\-t'/^) 

= \^ 11(1 - //V/^)(-^)^l + g'^/V/^)(-)^ 



. Y[{1 - g'^/Vi/2)(-i)^^^ ^ ^fc/2^-i/2)(-i)'=+i_ 
fc>i 

Part (2) can now be derived from (|5.1|) and part (1) of the Theorem. □ 

It follows from ()2.6p and Theorem 15 . 41 1 hat S{qt) = —S{t). The modular transfor- 
mation properties of S{t) can be derived from the well-known modular properties 
of the ^-functions and {—q^^'^; q)oo- 

The same proof as in Theorem 13 . 1 1 also leads to the following g-difference equation 
for 5". It is interesting to note that the two distinct functions R(ti, . . . ,tn) and 
S{ti, . . . ,tn) satisfy the same difference equations but are distinguished by their 
singularities. 

Theorem 5.5. The meromorphic function S{ti, . . . ,tn) satisfies the following dif- 
ference equation: 

S{qti, ^2, • • • , tn) 

s=Q l<ii<---<is<n ei^=±l 

where denotes the number of —I's among e^^, . . . , . 
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6. Discussions 

In this paper we have studied certain distinguished operators on twisted Fock 
spaces and the corresponding correlation functions. These functions satisfy cer- 
tain g-difference equations and they can be interpreted as g-expectation values of 
functions on the set of (odd) strict partitions. We found closed formulas for the 
1-point functions in terms of Jacobi 6'-functions etc, which implies nice modular 
transformation properties. 

The Lie algebra Wi+oo of differential operators on the circle has two distinguished 
subalgebras induced from anti-involutions jKWYj . There exists canonical Lie 
algebra homomorphisms from "D^ to the Lie algebras 600, doo- In this way, the 
Fock spaces and F can be regarded as representations of these Lie algebras P^, 
and they decompose into a direct sum of two irreducibles. The study of correlation 
functions in this paper can thus be interpreted as character formulas of these T>^- 
modules. This is similar to the case of jBOj . where the correlation functions of the 
infinite wedge representations were also interpreted as characters of Wi+oo- 

In |FKRWj (also cf. |AFMUj and the references therein), irreducible quasi-finite 
modules of Wi+00 of higher levels using Fock space were studied in detail, and a 
similar study has been carried out (KWY] for irreducible quasi-finite modules of 
of higher levels using untwisted and twisted Fock spaces. It will be interesting 
to study the correlation functions on these modules of higher levels. 

In is an interesting question to find closed formulas for the correlation functions 
R(ti, . . . ,tn) and S{ti, . . . ,tn) when n > 1. The g-difference equations and singu- 
larities of the functions R and S are expected to play an important role. While the 
vertex operators are not essentially used in the paper, the correlation functions here 
can be related to the correlation functions in vertex algebras (cf. |Zhul IDL'Ml IMij ) . 
and this connection could be useful in understanding these functions further. We 
refer to Milas [Mij for very interesting results in this direction. 
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